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Interrelationship between grain size-induced and strain-induced
broadening of X-ray diffraction profiles: What we can learn

about nanostructured materials?
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The two main mechanisms that cause the broadening of X-ray diffraction profiles in polycrystalline materials, i.e. those due to
finite grain size and local strain inhomogeneities, are usually considered independently. In this paper, we discuss the potential inter-
relationship between them and propose a phenomenological equation which links the dispersion of strain distribution to grain size
via the width of distorted regions near grain boundaries and the lattice disorder therein. The developed approach is applied to char-
acterize crystallization processes in Gd-doped ceria films.
� 2011 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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One of the classical applications of X-ray diffrac-
tion to materials science is the measurement of the aver-
age grain size, L, and the parameters of spatial strain
distribution, thus characterizing the microstructure of
polycrystalline materials (see e.g. Ref. [1]). More
accurately, X-ray diffraction provides information on
the size of crystalline blocks, which coherently scatter
X-rays. For the sake of convenience, we will use the
term “grain size” in this sense throughout this paper.
Note that for nanostructured materials both terms prac-
tically coincide.

Strains in materials, in general, are the result of
mechanical deformation. It is worth noting that inhomo-
geneous strain fields can also exist without the applica-
tion of external force. In this case, local strains
originate from lattice defects and their interactions. As
was shown in the pioneering works of Krivoglaz (see
Ref. [2] and references therein), inhomogeneous strain
fields, produced by various defects, strongly influence
X-ray diffraction profiles. In practical terms, the mea-
sured effect is always averaged over the sample volume
from which the X-ray diffraction intensity is taken.
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Two important average parameters are usually consid-
ered: mean strain value (i.e. the first moment of the strain
distribution), which causes the shift of the diffraction
peak position, and mean square root value (i.e. the sec-
ond moment or dispersion, r, of the strain distribution),
which results in the diffraction peak broadening. The lat-
ter is the focus of this study.

Two sources of peak broadening, i.e. those due to
finite grain size, L, and dispersion, r, of strain distribu-
tion, are regularly considered independently. There are
few approaches for separating and extracting these par-
ticular effects from the measured widths of X-ray diffrac-
tion profiles. The most widely accepted routes are based
on the classical Williamson–Hall or Warren–Averbach
algorithms (see e.g. Ref. [1]), corrected by the dislocation
orientation factors [3]. Dislocation-induced anisotropic
broadening of diffraction profiles along different direc-
tions in reciprocal space is considered in e.g. Refs. [4,5].

Another approach for extracting the parameters L
and r is based on approximating diffraction profiles by
special functions (e.g. by Voigt function, as in Refs.
[6,7]) or, more generally, on whole diffraction pattern
modeling [8].

In this paper, we point out a potentially important
quantitative interrelationship between the grain size, L,
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and the dispersion parameter, r, which has not been
investigated yet. This interrelationship is easily revealed
by recalling the following qualitative considerations [6].
A virtually perfect crystal has no inhomogeneous strain
fields. Grains, “visible” by X-ray diffraction, are almost
perfect crystal blocks with a low dispersion parameter,
dcr, due to a small amount of lattice defects within the
grain interior. In contrast, distorted (i.e. partially disor-
dered) crystal areas, such as grain boundaries and the
adjacent regions inside grains, are characterized by
much higher dispersion values, db� dcr. For the sake
of convenience, we will call parameter db the disorder
parameter and call the distorted areas “grain bound-
aries”. Under the condition of a constant total volume,
larger crystal blocks imply a reduced number of “grain
boundaries”, which results in lower integrated r-values
measured by X-ray diffraction. Statistical averaging over
the irradiated volume of the sample allows us to express
the dispersion, r, via the volume fraction, X, of crystal-
line grains:

r2 ¼ Xd2
cr þ ð1� XÞd2

b ð1Þ
In order to further develop Eq. (1) in terms of grain

size, L, we build a simple three-dimensional model, in
which the cube-shaped grains with dimensions
L � L � L are separated by “grain boundaries” of width
H. Note that the grain boundary region, which affects
the X-ray diffraction, is determined by the related strain
fields and is always larger than a specific geometrical
object. Considering the proportion between the crystal
and grain boundary volume fractions in this model, we
find that the dispersion, r, measured by X-rays is related
to the average grain size, L, as follows:

r2 ¼ v3d2
cr þ ð1� v3Þd2

b ð2Þ

with

v ¼ L=ðLþ HÞ ð3Þ
According to Eq. (2), at constant parameters H, db

and dcr, the dispersion, r, rapidly decreases with increas-
ing grain size at L� H (due to the diminution of the
second term in Eq. (2)). This conclusion is consistent
with recent molecular dynamic simulations for nano-
crystalline Pd [9].

In this paper, we apply Eqs. (2) and (3) in order to fit
experimental data for the grain size, L, and dispersion,
r, obtained with 20 mol.% Gd-doped CeO2 (ceria)
sprayed thin films [10,11], and in that way to better
understand the time- and temperature-dependent crys-
tallization processes in this material system. Gd-doped
ceria is a promising ion conductor for solid electrolyte
fuel cells. Numerous investigations of ceria and doped
ceria compounds have shown enhanced ionic conductiv-
ity due to the high mobility of oxygen vacancies and
phase transformations related to the reduction of the
oxidation state of Ce ions [12], the dependence of the lat-
tice parameter and electrical properties on grain size
[13], and the complicated behavior of the lattice param-
eter with temperature due to interaction between cations
and oxygen vacancies [14,15].

Our samples of Gd-doped CeO2 were initially pro-
duced by spray pyrolysis as amorphous materials fol-
lowed by crystallization at elevated temperatures. The
grain growth in the nanocrystalline Gd-doped CeO2

and non-doped CeO2 (ceria) showed self-limited grain
growth and relaxation of the dispersion, r, with time un-
til reaching the temperature-dependent constant levels
[10,16]. The Williamson–Hall approach was used in
order to separately extract the grain size, L, and disper-
sion, r, as functions of annealing temperature and dura-
tion, from the measured widths of X-ray diffraction
profiles. The experimental procedures are described in
more detail in Refs. [10,11].

The most interesting finding of the above-mentioned
research is the observation in Ref. [10] of self-limited
grain growth with annealing time, t, at rather low
annealing temperatures of 600–1000 �C:

LðtÞ ¼ L1 þ ðL0 � L1Þ � expð�t=sLÞ ð4Þ
The parameters L0 and L1 in Eq. (4) are the initial

and final grain sizes, and sL is the temperature-depen-
dent relaxation time. The measured dispersion, r, exhib-
ited analogous behavior:

rðtÞ ¼ r1ðr0 � r1Þ � expð�t=srÞ ð5Þ
with characteristic relaxation time, sr, which is also tem-
perature dependent. Note that similar experimental re-
sults concerning time dependences of the parameters L
and r were obtained in a study of the grain growth
kinetics of nanocrystalline iron [17].

In Refs. [10,11], self-limited grain growth of the Gd-
doped ceria thin films was related to the non-complete
crystallization of ceramic material (see also Refs.
[16,18]). It was reported that the grain growth is accom-
panied by a considerable reduction of the dispersion, r,
within similar relaxation time spans. At annealing tem-
peratures higher than 1000 �C, the classical parabolic
grain growth law was observed [16]. Our analysis
(below) generally confirms this picture, though showing
it in more detail.

In practical terms, the measured values of grain size,
L(t), from Ref. [10] were used as an input to Eq. (2) in
order to calculate the temporal dependences, r(t), at dif-
ferent annealing temperatures, T, and to compare them
with experimental data, r(t), from Ref. [10]. We also as-
sumed that the effective width of our “grain bound-
aries”, H, and the disorder parameter, db, within these
grain boundaries exponentially attenuate with annealing
time, i.e. obey the Debye relaxation:

P ¼ Aþ B expð�t=sÞ ð6Þ
with characteristic relaxation times, s. The parameters
A, B and s, are different for the width, H, and disorder
parameter, db. Therefore, a total of six (3 � 2) fitting
parameters are varied until the best fit between experi-
mental data and simulations based on Eq. (2) is
achieved.

Calculated curves, r(t), were compared with experi-
mental data collected at annealing temperatures 600,
700, 800 and 900 �C. The extracted “grain boundary”
width, H, and the disorder parameter, db, are plotted
as functions of annealing time at different annealing
temperatures in Figures 1 and 2, respectively. As
expected, both parameters decrease substantially with
annealing time and with increasing annealing



Figure 3. Relaxation times (on a logarithmic scale, ln (s)) as a function
of the inverse absolute temperature of annealing treatment (in eV�1),
extracted for “grain boundary” width, H (squares), and disorder
parameter, db (circles).

Figure 1. The “grain boundary” width, H, as a function of annealing
time at different temperatures, extracted from the fitting of experi-
mental data using Eqs. (2), (3), and (6).

Figure 2. The disorder parameter, db, as a function of annealing time
at different temperatures, extracted from the fitting of experimental
data using Eqs. (2), (3), and (6).
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temperature. For example, prolonged annealing causes
the disorder parameter to drop from db = 0.078 down
to db = 0.044 at 600 �C, and from db = 0.013 down to
db = 0.0034 at 900 �C (see Fig. 2). The width, H, de-
creases from 6.7 to 4.3 nm at 600 �C. Note that these
values are not far away from the initial grain size,
Lo = 10 nm, at this temperature [10]. At higher anneal-
ing temperatures, the width H becomes systematically
smaller, varying from H = 3.7 nm down to H = 1.8 nm
for an annealing temperature of 900 �C (see Fig. 1). It
seems that the latter value of H is approaching the equi-
librium “grain boundary” width in this polycrystalline
sample. As already mentioned, the “grain boundary”
width, H, probed by X-ray diffraction is the region
where strain gradients are still significant, and hence
the H-value is somewhat larger than the width of the
grain boundary considered as a geometrical object.

Bearing in mind that relaxation times, s, are defined
by some energy barriers (activation energies) as:

s ¼ s0 expðDE=kT Þ ð7Þ
one can find the respective activation energies, DE, by

plotting (on a logarithmic scale) the values of s as a
function of the inverse absolute temperature (1/T).
These plots for relaxation times extracted for the H
and db parameters are presented in Figure 3, in which,
for the sake of convenience, absolute temperature is
expressed in electron volts. Correspondingly, the activa-
tion energies displaced in Figure 3, i.e. the slopes of the
linear trend lines, are also given in electron volts. We
should mention the rather small values of DE of 0.13
and 0.35 eV for the kinetics of the width, H, and the dis-
order parameter, db, respectively. These values are much
lower than the activation energy of Ea = 1.6 eV mea-
sured for crystallization from the amorphous phase in
this system [16,18]. This means that at relatively low
temperatures, when the crystallization process is not
yet complete, the grain growth will be limited by the
presence of significant amounts of amorphous (and re-
lated highly disordered) regions remaining in the system.
Atomic rearrangements in these regions are stopped at
different levels, depending on the annealing temperature
(as is clearly seen in Figs. 1 and 2). This is due to the
high value of Ea� DE. Put simply, atomic rearrange-
ments are fast in crystallized regions containing grain
boundaries and slow in highly disordered regions related
to amorphous remnants, the latter seemingly being
responsible for self-limited grain growth regime.

It is also known from Raman measurements that the
ionic bonds in fully crystalline ceria films are weaker
than those in high-temperature sintered bulk ceramics
or amorphous ceria-based films. This can be deduced
experimentally from the F2g (1)O–Ce–O(1) stretching
modes, which for fully crystalline bulk samples appear
at lower wave-numbers than those in thin films [19].
Thus, it is important to note that the increased atomic
rearrangements in the crystallized regions reported here
occur at faster velocities than in partially disordered re-
gions, but the thin film lattices remain at lower packing
densities than in bulk ceramics. Recent time–tempera-
ture–transformation diagrams produced for the crystal-
lization of ceria-based films also agree with the
presented estimation of the energetically lower grain
boundary kinetics compared to overall crystallization
kinetics [18]. The crystallization rates of the films were



Figure 4. Total volume fractions of amorphous phase (circles) and
“grain boundaries” (diamonds, Eq. (8)) as functions of annealing
temperature.

E. Zolotoyabko et al. / Scripta Materialia 66 (2012) 190–193 193
increased by one order of magnitude once a critical
amount of grains of overall 20% crystallinity were devel-
oped in the films’ microstructure.

Supposing that the highly distorted/disordered re-
gions mentioned above are related to the concentration
of our grain boundaries, and thereby to the grain size,
we can estimate their volume fraction, Vgb, as:

V gb ¼ 1� X ¼ 1� v3 ¼ 1� ½L=ðLþ HÞ�3 ð8Þ
(see Eqs. (1)–(3)). Taking the calculated equilibrium (i.e.
at the limit of large annealing times, t) values of “grain
boundary” widths, H, and the measured equilibrium
grain sizes, L, and substituting them into Eq. (8), we find
the volume fraction Vgb = 1 � X as a function of anneal-
ing temperature, T. The thus obtained Vgb(T) plot is
shown in Figure 4, together with the amorphous volume
fraction, Va(T), measured by differential scanning calo-
rimetry [11]. We see that the two curves exhibit similar
behavior, at least at higher annealing temperatures,
which confirms the assumption that most of the highly
disordered phase is connected to our grain boundaries.

At temperatures higher than 900 �C, the amorphous
phase completely disappears [10,11] and, as can be seen
from Figures 1 and 2, “grain boundaries” are stabilized
with a width down to H = 1.8 nm and the disorder
parameter down to db = 0.003. The latter value is only
three times larger than the dispersion parameter,
dc = 0.001, within crystalline grains at 900 �C, also ex-
tracted as a result of a fitting procedure. Such well orga-
nized and thin grain boundaries act as rather low energy
barriers which can easily be overcome by diffusion,
resulting in classical parabolic grain growth at tempera-
tures higher than 1000 �C [10].

In summary, we found an interrelationship between
such important microstructural parameters as grain size
and the dispersion of spatial strain distribution and, on
this basis, have developed a novel route for microstruc-
tural analysis in polycrystalline materials. Since we deal
with volume fractions of perfect regions (grains) and
distorted or disordered regions (like grain boundaries),
the most important applications of this analysis are
expected for nanostructured materials, e.g. thin metal
oxide films. For example, applying our method to the
crystallization kinetics of Gd-doped ceria allowed us
to quantitatively explain the previously observed phe-
nomenon, i.e. self-limited grain growth at low annealing
temperatures. We found that the extracted activation
energies for atomic rearrangements in the distorted crys-
talline regions (grain boundaries) are much lower (by
nearly one order of magnitude) than the activation en-
ergy for the amorphous/crystalline phase transforma-
tion. This implies that atomic rearrangements are fast
in the distorted crystalline regions related to grain
boundaries and slow in the amorphous remnants, the
latter possibly contributing to the stagnation of grain
growth at rather low annealing temperatures.
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